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1 I n t r o d u c t i o n  

The purpose of this paper is to investigate, for given r, n, g, the existence of a 
smooth irreducible open subset of the Hilbert scheme of P parametrizing 
nonsingular irreducible curves of degree n and genus g having the "expected 
number of moduli." Let dog be the moduli space of smooth curves of genus g, and, 
for r>3 ,  let H.,g,r be the closure in H i l b P  of the open set parametrizing 
nonsingular irreducible curves of degree n and genus g and let Q = 0(g, n, r )= g 
- (r + 1) (g - n + r) be the Brill-Noether number. Following Sernesi [S], we give the 
ensuing 

(1.1) Definitions. An irreducible component W of H,,g,, is said to have the 
expected number of moduli if the image of the rational functorial map 

~: W - , ~ ,  

has dimension min {3g -  3, 3 g -  3 + 0}. W is said to be regular if HI(Nc) = 0 for C a 
general curve in W. 

If 0 > 0 it is a consequence of Brilt-Noether theory that there is a unique 
component of H.,g., dominating ~r i.e., having the expected number of moduli. 
On the other hand, for Q < 0, very little about existence or uniqueness of such 
components is known. Sernesi in [S] proved that there exists a regular component 
of H.,g., having the expected number of moduli for any r, n, g such that r->3, 

n _> r + 1 and n -  r < g < r(n - r ) -  1 Recent improvements of this result have been 
- r - 1  " 

obtained for the existence by Eisenbud and Harris (announced in [EH]), 
Ballico and Ellia [BE] and, in the ease r = 3 for the existence (and nonuniqueness, 
in some cases) by Pareschi [P]. 
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In this paper we want to generalize (for r>-4) the mentioned results by 
extendin~ the range of possible r, n, g such that there exists a regular component of 
Hn, g,, with the expected number of moduli to -�88 - r 2) < Q < 0 (asymptotically in 

r). More precisely, for any r>3, define e by T = andf(r)=(15r3+ 5r2 

+3er2-31r+ller+2e2-8~+9)/(12r+27-3e) (observe that f(r) is asymptoti- 
cally like ~r2). Then we will show: 

0.2) Theorem. There exists a regular component of H.,o, r with the expected 
number of moduli for any r, n, g satisfying: 

either 

{1 r + l  r2 } 
r<9_ or r = l l  and - m a x  r g - - - r  ' g -  - 1  <Q=Q(g,n,r)<O 

o r  

r>12  or r = 1 0  and - m a x  g -  r 4 r + 9 - ~ g - f ( r  <=0<0. 

(1.3) Remark. The problem of existence of components ofH.,o, , with the expected 
number of moduli makes sense for 0 > - 3g + 3 (for g > 2). Let us define 0m~n(g, r) 
= inf{k _> - 3g + 3: there exists a component of H., 0,, with the expected number of 
moduli for some n such that 0(g, n, r) = k}. It has been proved so far (for simplicity 
we will state this only for g ~> r) that 

- 3 g + 8 ~ g 2 / 3 - 1 2  for r--3 [P] 

7 
-- ~ g for r = 4 [BE] 

Qmin(g, r) < 
- ( l + 2 ) g  for 5 < r < 1 7 [ B E ]  

5r+e 
4 r + 9 - e  g + f ( r )  for r>18  (by Theorem 1.2). 

It seems reasonable to expect the optimal result to be Q~in(g, r) = - 3g + o(g). For  
r = 3  this is true (by [P]) and is easily seen to be the best possible: In fact the 
Castelnuovo bound already implies Q(g, n, 3 ) > -  3g + 8 ] / g - 4 .  Moreover, as we 
will see in Example 4.3, it is actually Qmin(g, 3) > -- 3g + 2 2 V ~ - -  15 -- 6. For  r > 4 
instead the inequality Q > - 3 g  + 3 only means that g is at most linear in n and 
therefore does not seem to put strong restrictions to smooth curves of degree n and 
genus g. On the other hand it is worth to observe that we do not expect (for g > 2) 
the equality Qmt~(g, r) = - 3g + 3 to hold, because this would mean the existence of a 
component of H~,g,~ whose image in .//g is a point. 

We will work in the category of schemes over an algebraically closed field of 
characteristic 0. By divisor we will mean Cartier divisor; if D is a divisor on a 
scheme X and ~" a sheaf on X, we will write 

H'(~a~'), h'(~-), ~-(D) 

instead of Hi(X, ~) ,  dimHi(X, ~r), ~-| respectively. 
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2 A property of general nonspeciai curves 

In  this section we will p rove  some vanishing of c o h o m o l o g y  groups  of  the no rma l  
and restricted tangent  bundle  of  nonspecial  curves twisted by  a suitable divisor. 
These vanishings will p rovide  the key tool  for the p roo f  of  T h e o r e m  1.2. 

F o r  r > 3 let F C P be a smoo th  irreducible nondegenera te  (i.e., no t  conta ined  
in a hyperplane)  linearly no rma l  nonspecial  [i.e., Hl(d~r(1))=0] curve. By 
Propos i t ion  3.3 of [S] and L e m m a  4.1 be low it is clear tha t  any c o m p o n e n t  W of 
H i l b P '  conta ining F must  domina te  J /g  [since Tr~l,- and  N r  are bo th  quot ients  of  
(91.(i),+ 1]. But  Q(g(F), deg(F), r ) 2 0  hence W is unique (see Sect. I). We  will use this 
fact in the p roo f  of  the p ropos i t ion  below. Let  P I . . . . .  P ,  + 4 be r + 4 general points  in 
F and  denote  by D = P~ + . . .  + Pr+ 4 their divisor. Then:  

(2.1) Proposition. Let N r be the normal bundle of F in P" and g the genus of F. I f  F 
r - 1  

as above is general in its component of Hi lbF"  and g> T we have 

(i) H~(Nr(-D))=O; 
(ii) H~ for g<r. 

Proof T o  prove  (ii) we degenerate  F into a union of two ra t ional  no rma l  curves. Let 
X C ~  and YCP" be two ra t ional  no rma l  curves meet ing t ransversal ly  in g +  1 
points.  Let  zt be the divisor of  Y given by these points,  D x and D r be two divisors on 
X and Y of  degrees g + 3 and  r + 1 - g respectively. Let  r '  = x u  Y and D' = D x + Dr 
the divisor on r ' .  Then  we have an  exact sequence 

0-~ T~ I ,( - ~ - D ~ ) ~  T ~ , (  --  D')-~ T~, x( - D ~ ) - ,  0 

so it will be enough  to show 

(2.2) H~ ~,( - A - Dr)) = H~ T~I,,( -- Dx)) = 0 .  

F r o m  (2.2) it will follow H~ hence (ii) by  semicont inui ty  
since d e g D ' = g + 3 + r + l - g = r + 4 .  But  Tr, I~--- d~r,(r + 1)' and  Tr-lx 
= (gr,(g + 1)g~t~r,(g) ' - g  so 

Tr-i ~( -- A - Dr) - (_Or~(r + 1 - g - 1 - r -  1 + g)'  = d)r,( - 1)' 

and  

T~ I,,(- Dx) ~ (gFl(g + 1 - g -- 3) g @ (.0v,(g -- g - 3) ' - a  

= 0 r , ( - 2 ) ~ @ o r , ( - 3 ) ' - ' .  

Therefore  (2.2) is t rue and  (ii) is proved.  N o w  (i) follows by semicont inui ty  f rom 

r - 1  
(2.3) Lemma.  For every g > T there is a linearly normal nonspecial curve F lying 

on a rational normal surface scroll S,_ 1 C P such that 

HI(Nt i s ( -  D)) = H~(Nslr(- D)) = O, 

where D is a divisor on F sum of r + 4 general points. 

Proof Let e _>- 0 and  n > e such tha t  r - 1 = 2 n -  e and  let S be the embedd ing  of  the 
ruled surface X ,  = PF,(Or,  ~d~r , ( - -e ) )  via the linear system ICo + nfl where f is a 
fiber and  Co is a section of  X , - * P  x with (gx,(Co) = tP(1). Let  C1 and F be general  
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curves in the linear systems I Co + (g + 1 + e) f l and I Co + C 11 = 12Co + (g + 1 + e) f l 
respectively. Assume now n and e are chosen so that 

(2.4) ~ e < g +  1 
(g+l+n>_r.  

Then C o is a rational normal curve of degree n - e  in a p , - e  and C 1 is a smooth 
nondegenerate rational curve of degree g + 1 + n in P '  (by (2.4)). Moreover, C o �9 C1 
= - e + g + l + e = g + l  so p a ( F ) = g + l - 2 + l = g  and d e g F = g + l + n + n - e  
=g+r. 

Finally, if A = ConC1 and F ' =  CouCl  we have an exact sequence 

where 

O~(gc,(1) ( -  A)~(gr,(1)~dPco(1)--*O, 

d~c,(1 ) ( -  A) ~ Or,(g.+ 1 + n -  g -  1) = r 

(9Co(1) ~ (gr,(n- e), 

hence HI(r and therefore F' is linearly normal non- 
special and so is F. Note also that by (2.4), F is smooth irreducible [H, V, Corollary 
2.18]. First we show that 

(2.5) nX(N r/s(- O))=O . 

To this end it would be enough to find two effective divisors Do on C o, D1 on C1 of 
degrees 60 and 61 respectively, such that 

6o+61 = r + 4  

and 

(2.6) nl(tPco(--Do)| A)| =0 .  

In fact, if we let D '=  D o + DI C F', we have an exact sequence 

0 ~ ~cz(-  D 1 -- A) | (gs(F') ~ Nr,/s( - D') ~ (9Co(-- Do)| ~)s(F') ~ 0  

soHa(Nr,/s(- D')) = 0 and therefore also Ha(Ntis(- D)) = 0 by semicontinuity. Now 

dgCo(- Do)| d~s(F') ~ Or,( - 6o - e + g + 1) 

and 

(Pc,(-D, - A)| dgrl(- 61 - g - 1  + g + l  +2g + 2+e)  

=d~r,(2g+2 + e - 6 1 ) .  

So we just need 6o and 61 such that: 6o > 0, 61 >-0; 6o + 61 = r + 4, - 6 o -  e + g + 1 
--- - 1 ,  2 g + 2 + e - 6 1  => - 1 .  For  example we can choose 6 o and 61 as follows: 

ff e ~ g - r - 2  let 6 o = r + 4 ,  61=0;  

if e > g - r - 2  let 6 o = g + 2 - e ,  61=r+4-6o  

(note  that 2g + 2 + e-61_-> - 1 since g >- ~ - ~ ) .  This proves (2.6) and hence (2.5). 

We turn now to the proof of 

(2.7) HI(Nsw(-  D))=O. 
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With notation as above, (2.7) follows from 

(2.8) nl(Nslc~(-  A - D 1)) = nl(Nslco ( -  Do)) = 0. 

I n  fact, the exact sequence 

0 -* Nslc l( -- A - D 1)~Nslr,(-- D')~Nslco ( -  Do)~O 

shows that Hl(Nslr , ( -  D'))  = 0 and hence (2.7) by semicontinuity. To show (2.8), let 
5 o = n -  e + 2 and 51 = n + 3. From the exact sequence 

O~ Nc,/s( - A - D 1)~ Nc,/p.(-  A -- D 1)--* Nsl~,(-  A -- D 1)--'0 

we see that the first vanishing in (2.8) follows from 

(2.9) nl(Nc, /r~(-  A - D1) ) = O. 
r - 1  

Since C I ~ P  1 we know [Sa, Proposition l]  that Nc,/~----O (-0r,(bi) with 
bi>degC1 +2. Hence t= 1 

r - - 1  

Nc~/r.(-- A -- D O'~ ~ dTF~(b i -g- l -61) ,  
1 = 1  

so (2.9) is true since b~- g -  1 - 51 > deg C1 + 2 -  g -  1 - n -  3 = g + 1 + n + 2 -  g -  1 
r - - 2  

- n - 3 = -  1, Vi= 1, . . . , r - 1 .  Let Nslco~- ~ d~r'(ai); then to finish the proof of 
(2.8) we need a i -  50 > - 1 ,  that is i= 1 

(2.10) a i > n - e + l ,  Vi=I  ... .  , r - 2 .  
r - - 2  

Observe that N~(1)lco~ ~ d~r~(-ai+ n-e ) ,  hence (2.10) is equivalent to 
i = 1  

(2.10)' H~ ) =0 .  

From the exact sequence 

0-~N~ (1)1oo-+ N L / ~ I ) - ,  NJo/s(1)-,0 

we get U~ (1)lcQ)_-- ker { go : H~ U~ so we have to show 
that go is injective. Now 

H~ = H~ ~ H~ and 

H~ = H~ ( :  o/S) (1) ) n~ ) 
= H~ ~ H~ 

so if H is a hyperplane containing Co, then Hc~S= CocJC, C ~ n f  and 

go(H)=divisor on P~-~Co given by C on Co. 

By the projective characterization of S, we can find [ACGH, p. 96] coordinates 
on P so that the ideal of S is generated by the 2 x 2 minors of the matrix 

(x  o x~.. .x~_~_l x~_e+ l ... x,_ ~ =(A, B), 
X 1 X 2 . . .  X n _  e X n - e +  2 . . .  X r , I  

where A is the matrix whose minors generate the ideal of CoCI  ~-~ and B is the 
matrix whose minors generate the ideal of a rational normal curve YC P ,  and S is 
obtained by choosing an isomorphism Co~  Y---P~ and joining with lines the 
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points of Co and Y corresponding in the isomorphism. Therefore, if we parametrize 
Y C P  with Xo . . . . .  Xn-e=0, Xn-e+~+i=S~-it i, i = 0  ..... n, [S,t]~P ~ and we 
observe that H~ is generated by Xn-e+ ~ .. . .  ,X,, then tp is given by 

(P(Xn - e + 1 + i) : Sn - i t i  

so it is injective (in fact, ~p is an isomorphism). 
This proves (2.10)' and hence to conclude the proof of Lemma 2.3 we need to 

r - - I  . 
find for every r > 3 and g => - i f - ,  integers n and e so that (2.4) is satisfied. 

(2.11) Claim. To satisfy (2.4) we can choose e=2n-r+ 1 and 

J 
r - 2  if g > r - 4  

g + r  n= if g + r = 0 ( m o d 2 )  and g < r - 4  
2 

g+r-____~l if g + r = l  (rood2) and g < r - 4 .  
2 

Proof. The inequalities of (2.4) are equivalent to n > r - 1 - g  and n_< g+__~r 
- -  2 ' r--1 

respectively. Moreover, e_>_0 gives n >  ~ and n > e is n < r -  2. So any n 
satisfying 

m a x { ~ - ~ , r - l - g } < - n < m i n { r - 2 , ~  -~} 

r - - ]  
will do. Since r > 3 and g > --~--, the choice in Claim 2.11 satisfies this. Therefore 

Claim 2.11 is proved and so is Lemma 2.3. 

3 A family o f  curves CCP"  with Ht(Nc)-O, h~ rc)=(r+ 1) 2 - 1  

We will construct here, using Proposition 2.1 and some smoothing techniques, 
families of smooth curves in ~" with the properties indicated above. Let C C P be a 
nondegenerate curve and define the following properties: 

Property (00: HI(Nc)=0. 
Property (fl): h~ = (r + 1)2 _ 1. 

(3.1) Property (T): Vg: ~ < g < r, there exist r + 4 general points 

PI  .....  P, + 4 ~ P and a nonspecial linearly normal smooth 
irreducible nondegenerate curve F C P of genus g with 

H~(Nr(- p~ -...-P~+,))=H~ -...-P,+4))=O 
such that there is a deformation of C meeting F quasitrans- 
versally in P1 .. . .  , P,+4. 

(3.2) Remark. Curves F C P  as in Property (y) exist by Proposition 2.1. 
The construction of curves satisfying (~) and (1~) will be inductive, starting with 

some families of curves implicitly contained in IS]. 
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(3.3) Lemma. For every r >= 3 and n, g such that 

{ t - m a x  r g - - - r  ' g - r 2 - 1  <O=o(g 'n ' r )<O'  

there exists a smooth irreducible nondegenerate curve C C P of degree n, genus g 
satisfying properties (~), (fl), and (7) (the latter for r > 4). 

Proof. By IS, Theorem 6.1], we see that  curves C as in the Lemma,  satisfying (e) and 
(fl), exist in the range 

(3.4) 1 r + l  < < 0  - - g + - - = 0 =  , n>2r  
r r 

[(fl) follows from L e m m a  4.1 below].  
To  extend this range, for n > r 2 +  r, we use 

(3.5) Sublemma. Let C C P be a smooth irreducible nondegenerate curve of degree 
n >_= r + 2 (respectively n > r + 1) and genus g satisfying (or), (fl), and (~). Let H C P be a 
general hyperplane and X C H a rational normal curve meeting C in r+ 2 points 
(respectively r + 1 points). Then 

C'= C u X  

is flatly smoothable and its general smoothings satisfy (~), ([3), and (~). 

Proof. Let C" be a general deformat ion of C'. The  facts that  C" is smooth  and 
satisfies (~) are already in [S, Theorem 5.2]; C" also satisfies (7) because C' does 
(since C does). To  see (/~), let 3 = C n X  C X and consider the exact sequence 

0-,  r~.~x(- ~)--, rp.~c,--, Tr.~c--,0. 
It will suffice to show that  

(3.6) H~ 3))=O. 

In fact this implies that  

h~ lc,) < h~ = (r + 1) 2 - 1 (by (fl) for C), 

so, since h~ h~ by semicontinuity,  we get (fl) for C" by L e m m a  4.1. 
Fo r  (3.6) we observe that 

Tt~lx ~ T ~ - q x ~  ~)x(1) 
hence 

Tr, lx( -- A) ~ dgr,(r -- r -- 2)' - 1 ~ d~r,(r _ 1 -- r -- 2) = (gr, ( -- 2) ' -  1 ~ (.Or,( _ 3) 

[respectively, T l ~ l x ( - A ) - ~ d ~ n , , ( - 1 ) ' - l ~ O r , ( - 2 ) ]  has no global sections. This 
proves Sublemma 3.5. 

To  get the range of L e m m a  3.3, we apply repeatedly Sublemma 3.5 in the case 
o f t  + 2 points to curves in range (3.4). This gives a t ransformat ion (n, g) v-.(n + r -  1, 
g + r + 1), hence it is enough to produce,  for every couple of integers (n, g) such that  

1 r + l  
n > r 2 + r  and - g + r 2 + l < O < - r g +  r ' 

an integer i__> 0 such that  

n - ( r  - 1 )  i > 2r 
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and 

1 r + l  
-- - [g--(r + 1)i] + <Q(g--(r+l)i,n--(r--1)i,r)<O. 

T r 

For example i=  [rg-n(r+ l ) + r ( r +  1)~ -j (where [ ] denotes integer part) satisfies 

the above inequalities. 
It remains to see that curves in range (3.4) satisfy (~). To this end we recall 

Sernesi's construction I-S, Theorem 6.1]: Curves C with (n, g) in range (3.4) are 
obtained by applying g - n  + r times Sublemma 3.5, in the case of r + 1 points, to 
linearly normal nonspecial curves. That is, for every (n,g) in range (3.4), let 
i = g - n + r ,  n '=n- ( r -1 ) i ,  g '=g-r i  and let C 0 ( P  be a smooth irreducible 
nondegenerate linearly normal nonspecial curve of degree n' and genus g' (note 
that n ' = g ' + r ,  g '>  1). 

For  everyj ~ 1 let Cj be a general smoothing of C j_ 1 •X (where X is chosen as 
in Sublemma 3.5, in the case of r +  1 points). Then C =  Ci. 

Therefore it is enough to see that C1 satisfies (?) 

(because i = g _ n + r >  r + l ( n_r )_n+r= n - r  > 2 r - r  = l )  
r r r 

(3.7) Claim. Let r > 4  and Pt  . . . .  ,Pr+3 be r + 3  general points of YEP '  a smooth 
irreducible nondegenerate curve passing through them. Then there exists a smooth 
irreducible nondegenerate linearly normal nonspecial curve Co ( P of genus go ~ 1 
meeting Y quasi-transversally in P1 . . . .  , P,+ a. 

Let us assume Claim 3.7 and prove that C1 satisfies (?). Choose r + 4 general 
points P1 . . . . .  P, + 4 e P ;  choose any F through them as in Property (T). Claim 3.7 
(with Y= F) gives a curve Co meeting F quasi-transversally in P1 ... . .  Pr+ a" Let H 
be a general plane through Pr + a and X E H a rational normal curve meeting Co in 
r +  1 points and passing through Pr+4. Then C1 = a general smoothing of CowX 
satisfies (r). 

Finally it is clear that Claim 3.7 will follow as soon as we prove it for go = 1 (for 
go ~ 2 one can attach go-  1 general 2-secants to the curve of genus 1 and take a 
smoothing). 

To this end, let M=<PI . . . . .  Pr_I>-~R ~'-2 and N=<P,,P,+I>~P 1. The 
trisecant lemma [ACGH, p. 110] implies that M nN=O. Also d im(M,  Pr+2> 
= dim<M, P,+ 3> = r -  1, hence there are two lines LI and L 2 through P,+ 2, P,+ a, 
respectively, meeting M and N. Let Z be a rational normal curve in M passing 
through P I, . ..,P,- t, QI = Ll C~M, Q2 = L2c~M and let E = Z u  L1u L2w N. Now E 
is elliptic of degree r +  1 and meets Y quasi-transversally in P1 .. . . .  Pr+ 3" In fact Z 
and N are quasi-transversal to Y and meet Y exactly in P1 . . . .  , P , -  1 and P,+ 1, P,, 
respectively (because a consequence of the trisecant lemma is that k + 1 general 
points of Y span a ~ meeting Y exactly at those points, for k < r -  2). Moreover, L1 
(or L2) is not tangent to Y, otherwise the tangent line in the generic point of Y 
would meet the generic 2-secant N (which would imply that Y is strange, and 
therefore a line [H, IV, Theorem 3.9]). Also L 1 (or L2) does not meet Yin any other 
point, otherwise the p2 spanned by P,, P, + 1, and P, + 2 would meet Y in some other 
point. But this is not possible because P,, P,+ 1, Pr+ 2 are general points of Y and 
r ~ 4. Now take Co a general smoothing of E. This shows Claim 3.7 and therefore 
concludes the proof of Lemma 3.3. 
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Define the following functions: 

27r 3 + 44r 2 - 4r + 8er + 2e 2 - 8e + 9 
(3.8) ~o(r) = 

3(r+ 1) ( 4 r - e )  

3r 4 - 1 9 r  a + 6er 3 -- 72r 2 + 17er 2 + r + 282r -  10e r -  2e 2 + 1 l e -  9 
N(r)  = 

3(r + l ) ( r - 9 +  2e) 

Then we have 

(3.9) Proposition. There exists a smooth irreducible curve C C P" with 

(~) H'(Nc)=O 
(~) h~ = (r + 1) z -  1 

and degree n, genus g, for every r, n, g such that r ~ 1 2  or r = l O  and 

<''-frtn-r)-i r + l  2 r 2 + r + l  4 r + 9 - - e  
( 3 " l O ) r + l ( n - r ) < g < m a x [  r - 1  'r--1 r - 1  ' 4 r - e  n 

r 

r<9 or r = l l  and 

J r ( n - r ) - 1  r + l  2 r 2 + r + l ~  
(3.11) r+~l ~ r~-I ' r - 1  n -~--~ j .  

- -  n -  q,(r)}; 

Proof. By Lemma 3.3, we need to show the existence only in the case r >  12 or 
r=10 ,  n>N(r) and 

r + l  2 r 2 + r + l  4 r + 9 - - e  
(3.12) r - -~  n < g < - -  n-- q~(r). 

r-- 1 = 4r--e 

[Note that N(r) is defined so that range (3.12) is not empty.] First we prove 

(3.13) Lemma. Let C C P be a curve satisfying (ct), (fl), and (~) and F C P" be a general 
r - - 8  . - 

nonspecial linearly normal curve of genus--if- meeting a general deformatton C of C 

quasi-transversally at r + 4  general points. Then C'=  Cu F is flatly smoothable and 
its general smoothings satisfy (~), (fl), and (?). 

Proof Note first that the construction is possible since C satisfies (?). Moreover, to 
show that C'=CwF is flatly smoothable, it is enough to prove that IS, 
Proposition 1.6] 

(3.14) HI(N~,)=0 where N'c,=ker(Nc,~T~, ) 

(Tc 1, being the first cotangent sheaf of C'). Let {P1, ..., Pr + 4} = C n F  and D = P l 
+ ... +Pr+4  on F. From the exact sequences IS, Lemma 5.1] 

O~ Nc,| D)--, N'c, ~ Ne--,O 

O--* N r ( -  D)--* Nc , |  D)~ T~--*O 

we get (3.14) since 

H I ( N r ( -  D)) = 0 by Proposition 2.1 (i), 

HI(Tcl,)=0 because Tc t, is supported on Cc~F and 

H I ( N e ) = 0  since C satisfies (a). 
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The definition of N~, and (3.14) also imply H ~ (Nc,) = 0, hence (~) holds for a general 
smoothing of C' by semicontinuity. 

To see (fl), consider the exact sequence 

0-, Trait(- D)--, TI,-I~,--' TPle--'0. 
By Proposition 2.1(ii), we get 

h~ lc,)<h~ (by (fl) for C), 

hence (fl) holds for any general smoothing of C' (again by using semicontinuity and 
Lemma 4.1 below). Moreover, C' satisfies (7) (just take another F through r + 4  
general points of C), hence so does a general smoothing. This proves Lemma 3.13. 

To finish the proof of Proposition 3.9, we will see that the construction of 
Lemma 3.13 gives curves with r, n, g in range (3.12). 

4r--e 4 r + 9 - - e  
From Lemma 3.13 we get d e g C ' = d e g C + - - ~ ,  pa(C')=g(C)+ 3 ' 

hence, given (n, g) in range (3.12) a curve of degree n, genus g, satisfying (~) and (/~) 

soon as we can integer i >= 0 such that if we let n' = n - i { ) ~ - ~ ,  will exist as find an / t  
\ / - ,  

(3.15) - g ' + r 2  + 1 < o(g', n', r)__<O. 

In fact curves with degree n', genus g', satisfying (e) and (8) (and (~)) exist by 
Lemma 3.3, therefore also curves of degree n, genus g, satisfying (e) and (8) will exist 
by applying Lemma 3.13 i times. Since the inequalities (3.15) are equivalent to 

3 ( r - 1 ) g - 3 ( r + l ) n + 6 r 2 + 3 r + 3  3 r g - 3 ( r + l ) n + 3 r 2 + 3 r  
r - -9+2~  5r+~ 

F 3 r g -  3(r + 1)n+ 3r 2 + 3r.] 
it is clear that i=  [_ 5r + e j will satisfy them. [] 

4 Proof of Theorem 1.2 

To prove the theorem, we need to recall some general facts about Brill-Noether 
maps. Let C C F" be a smooth irreducible nondegenerate curve and V_~ H~ 
be the vector space of sections of d)c(1) giving the embedding. Then the cup- 
product map 

Po : V|176176 1))~H~176 

is called the Brill-Noether map of C. 
We wish to recall here the following properties of/~o. 

(4.1) Lemma. With notation as above, we have 
(i) ker#o ~ HI(Tr, lc)*; 

(ii) h~ lc)~(r + 1) 2 - 1  and equality holds if and only if C is linearly normal 
and It o is surjective. 

Proof. From the Euler sequence 

0--,~c-~ v*| ~c(1)-, Tr,, c--,0, 
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we get the exact sequence 

O--* H~ V*|176 H~ Hl((9c) 

*', V,| 

Clearly q~ is the dual of #o, hence (i). Moreover, 

h~ = - 1 + (r + 1)h~ + dim coker/~ o > (r + 1) 2 - 1 

and equality holds if and only ifh~ = r + 1 and coker#o = {0}, that is, (ii). [ ]  

Proof of Theorem 1.2. Let C be a curve as in Proposition 3.9. From general 
deformation theory we know that (a) implies that C belongs to a unique 
component WC=H.,o, r and that if u" W ~ J / 0  is the rational functorial map, then 

codim~ u (W)=d im coker {H~ ~ , Hl(wc 1)}, 

where the map �9 is the coboundary map associated to the exact sequence 

0._.O9c 1 ~ TP.ic~ Nc~O" 

By (a) we have coker ~ = H l(Tr, lc)~-(kergo)* (Lemma 4.1 (i)). Hence (fl) and (ii) of 
Lemma 4.1 show that 

codim~ ~(14") = dim ker g0 = (r + 1) (g - n + r) - g = - Q(g, n, r). []  

(4.2) Remark. The inequalities obtained in Theorem 1.2 depend on the method of 
proof  and do not appear to have any special geometric meaning. One possible 
interpretation though, as can be easily seen from the proofs, is as follows. The 

inequality Q > _ "~_ g + r + 1 (respectively O > - g + r2 -4-1) expresses the numerical 
r r 

condition that H,.o. r has to satisfy in order to contain a reducible curve of type 
X = X o u . . . u X  i (respectively Y=YoU...uYj), where X o is a linearly normal 
nonspecial curve and X1, ..., Xi are disjoint rational normal curves of degree r -  I, 
each meeting Xo in r +  1 points (respectively 11o is a general smoothing of X and 
Y1 .. . . .  Yj are disjoint rational normal curves of degree r -  1, each meeting Yo in r + 2 

5r+e 
points). Similarly the inequality 0 > g + f(r)  expresses the numerical 

= 4 r + 9 - e  
condition that Hn, g., has to satisfy in order to contain a reducible curve Z = Zo u . . .  
wZ k, where Z o is a general smoothing of Y and Z1, ..., Z k are disjoint linearly 

normal nonspecial curves of genus - ~ - ,  each meeting Z o in r + 4 points. As the 

referee pointed out, the first inequality can also be written as 0(g, n, r-1)>__ r + 1. 

(4.3) Example. For b > a_> 4 let W~, b be the component  of Ht~+b),t~_ 1){b- 1). a whose 
general point represents a curve C of type (a, b) on a smooth quadric surface in pa. 
Since C is linearly normal, it follows [by S, Proposition 2.7] that/~o is surjective, so, 
from the proof  of Theorem 1.2, using the fact that W~.b is smooth at C, we have 

codim~ n(W~. b) = dim coker �9 = hl(Tr31c)- hl(Nc) = dim ker#o - hl(Nc) 

= - 0 - ( a -  3 ) ( b -  3)< - Q .  

Hence Wa, b does not have the expected number of moduli. For  every n, g such that 
g > ~n(n- 3) + 1 every component ofH~.0, a must be a W~.b for some a and b, hence 
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there is no  c o m p o n e n t  of  Hn, g. 3 with the  expected  n u m b e r  of modu l i  for 0 < - 3 g  

+ 2  2 ~ - 1 5 - 6  (and g_>_43). 
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