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1 Introduction

The purpose of this paper is to investigate, for given r, n, g, the existence of a
smooth irreducible open subset of the Hilbert scheme of IP" parametrizing
nonsingular irreducible curves of degree n and genus g having the “expected
number of moduli.” Let .#, be the moduli space of smooth curves of genus g, and,
for rz3, let H,,, be the closure in HilblP" of the open set parametrizing
nonsingular irreducible curves of degree n and genus g and let g=g¢(g,n,r)=g
~—(r+1)(g —n+r) be the Brill-Noether number. Following Sernesi [S], we give the
ensuing

(1.1) Definitions. An irreducible component W of H, , . is said to have the
expected number of moduli if the image of the rational functorial map

n.W-o A4,

has dimension min {3g—3, 3g— 3 +¢}. W is said to be regular if H'(N;)=0for Ca
general curve in W.

If p20 it is a consequence of Brill-Noether theory that there is a unique
component of H, , , dominating .#,, i.e., having the expected number of moduli.
On the other hand, for ¢ £0, very little about existence or uniqueness of such
components is known. Sernesi in [S] proved that there exists a regular component
of H, ,, having the expected number of moduli for any r, n, g such that r2>3,

rn—r)—

1 . .
nzr+landn—r=g= . Recent improvements of this result have been

r-—

obtained for the existence by Eisenbud and Harris (announced in [EH]),
Ballico and Ellia [BE] and, in the case r =3 for the existence (and nonuniqueness,
in some cases) by Pareschi [P].
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In this paper we want to generalize (for r>4) the mentioned results by
extending the range of possible r, n, g such that there exists a regular component of
H, , . with the expected number of moduli to —3(g —r?) < ¢ <0 (asymptotically in
r). More precisely, for any r= 3, define ¢ by r_;g = [ 1:3:1_] andf(r)=(15r>+ 52
+3er® —31r + 11er + 262 — 8¢+ 9)/(12r + 27— 3¢) (observe that f(r) is asymptoti-
cally like 37%). Then we will show:

(1.2) Theorem. There exists a regular component of H, ,  with the expected
number of moduli for any r,n,g satisfying:
either

1 1
r<9 or r=11 and —max {;g—zt—,g—rz——l} <e¢=0(g,nr=0

or

Sr+e
T4r+9—¢

1 1
r212 or r=10 and —max {—r-g—r—_;—,g-rz—-i

g—f(r)} <¢=0.
(1.3) Remark. The problem of existence of components of H, , , with the expected
number of moduli makes sense for ¢ = —3g+3 (for g=2). Let us define g,,;,(g,7)
=inf{k> —3g+ 3: there exists a component of H, , , with the expected number of
moduli for some n such that o(g, n,r)=k}. It has been proved so far (for simplicity
we will state this only for g>r) that

—3g+83\/§g2/3——12 for r=3[P]
—;g for r=4[BE]
Qmin(g’r)§ 2
_<1+;>g for 5<r<17 [BE]
Sr+e
— >
| 39 g+ f(r) for rz18 (by Theorem 1.2).

It seems reasonable to expect the optimal result to be g,,;,(g,r)= —3g+ o(g). For
r=3 this is true (by [P]) and is easily seen to be the best possible: In fact the
Castelnuovo bound already implies ¢(g,n,3)= — 3g+8]/§——4. Moreover, as we
will see in Example 4.3, it is actually g,,,(g,3)2 —3g+2]/24¢g—15—6. For r24
instead the inequality ¢ = —3g+ 3 only means that g is at most linear in n and
therefore does not seem to put strong restrictions to smooth curves of degree n and
genus g. On the other hand it is worth to observe that we do not expect (for g=2)
the equality ¢,,;.(2, ") = — 3g + 3 to hold, because this would mean the existence of a
component of H, , , whose image in .#, is a point.

We will work in the category of schemes over an algebraically closed field of
characteristic 0. By divisor we will mean Cartier divisor; if D is a divisor on a
scheme X and & a sheaf on X, we will write

HY(F),h(F), #(D)
instead of H(X, #), dimH/(X, ), F ®4,0x(D) respectively.
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2 A property of general nonspecial curves

In this section we will prove some vanishing of cohomology groups of the normal
and restricted tangent bundle of nonspecial curves twisted by a suitable divisor.
These vanishings will provide the key tool for the proof of Theorem 1.2.

For r=3 let I' CIP" be a smooth irreducible nondegenerate (i.¢., not contained
in a hyperplane) linearly normal nonspecial [i.e, HY(O1))=0] curve. By
Proposition 3.3 of [S] and Lemma 4.1 below it is clear that any component W of
HilblP" containing I" must dominate .#, [since Tp-. and N are both quotients of
O 1y *1]. But o(g(T'), deg(I"), r) 2 0 hence W is unique (see Sect. 1). We will use this
fact in the proof of the proposition below. Let Py, ..., P, . , be r + 4 general points in
I' and denote by D=P, +...+ P, , their divisor. Then:

(2.1) Proposition. Let N be the normal bundle of I' in P and g the genusof I'. If I’

-1
as above is general in its component of HilblP" and g2> f3_ we have

() H{(N{-D))=0;
(i) H(Tpn (—D))=0 for g=<r.

Proof. To prove (ii) we degenerate I into a union of two rational normal curves. Let
X I and YCP" be two rational normal curves meeting transversally in g+1
points. Let 4 be the divisor of Y given by these points, Dy and Dy, be two divisors on
X and Y of degrees g+ 3 and r+ 1 —grespectively. Let '=XuYand D'=Dy+ Dy
the divisor on I". Then we have an exact sequence

0~ TP"ly(— 4—Dy)- TPr[r,(—D')‘* TPr|x(—Dx)—’0
so it will be enough to show
22 H%Tpr,(— 4— Dy))=H*(Tpr ,(— Dx)) =0.

From (22) it will follow H®(Tpr,.(—D")=0, hence (ii) by semicontinuity
since  degD'=g+3+r+1—g=r+4 But Tp ,ZOp(r+1) and T,
jatd (gpl(g + 1)g@@]pl(g)r_y SO

TPrIY("’A '—Dy);(pyl(r+1 —g— 1 —_r— 1 +g)'=01>1(—1)'
and
Tor| (—~ Dx) = Opi(g +1—g =3 DOpi(g—g—3) ¢
=0p(—20'DOp(—3) 7.

Therefore (2.2) is true and (ii) is proved. Now (i) follows by semicontinuity from

-1
(2.3) Lemma. Foreveryg> 13-— there is a linearly normal nonspecial curve I lying
on a rational normal surface scroll S, .., CIP" such that
Hl(Nr/s(—D))= Hl(Nsh-(_D)):O ’
where D is a divisor on I’ sum of r+4 general points.

Proof. Let e20 and n> e such that r —1=2n—e¢ and let S be the embedding of the
ruled surface X, =Pp:(0Op: D Opi(— ¢)) via the linear system |C,+nf| where fisa
fiber and C,, is a section of X,—P* with 0y (Co)=0(1). Let C, and I be general
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curves in the linear systems |[Cy+(g+1+e€)f] and |Co+ Cy|={2Cy+{(g+1+e) f]
respectively. Assume now n and e are chosen so that

esg-+1
@4 g+1+n2r.

Then C, is a rational normal curve of degree n—e in a IP"~¢ and C, is a smooth
nondegenerate rational curve of degree g+ 1 + nin P" (by (2.4)). Moreover, C, - C,
=—e+g+l+e=g+1 so p(I)=g+1—2+1=g and degl'=g+1+n+n—e
=g-+r.

Finally, if A=C,nC, and I"=C,UC, we have an exact sequence

0-0c,(1)(— 4> 0r (1)~ 0 (1)—-0,
where
Oc (D)(— )= Op(g+1+n—g—1)=0p(n)
Oc (1)= Opi(n—e),

hence HY(O¢,(1)(— 4))=H"(0,(1))=0 and therefore I" is linearly normal non-
special and so is I'. Note also that by (2.4), I' is smooth irreducible [H, V, Corollary
2.18]. First we show that

(2.5) H'(Ns(—D))=0.

To this end it would be enough to find two effective divisors D, on Cy, D, on C, of
degrees d, and §, respectively, such that

Op+0,=r+4

and

(2.6) HY(Oc(—Do)®0Os(IM)=H"'(Oc,(— D, — A)@0(I")=0.

In fact, if we let D'=Dy+ D, CI", we have an exact sequence

0"’(901(“131 —A)®(93(F’)—’Nr'/s(“D')—’@co(‘Do)®@s(F')"’0
$0 H!(Nps(— D’))=0and therefore also H'(N s(— D)) = 0 by semicontinuity. Now
Oco ~Do)®Os(I") = Op:i(—dp—e+g+1)
and
Oc,(—D; —NROAI)= Op(—0, —g—1+g+1+2g+2+¢)

=0p:(2g+2+e—3y).

So we just need d, and J, such that: 6,20, 6, 20; 00+, =r+4, —6p—e+g+1
2—1,2g+2+e~8, = —1. For example we can choose 6, and 9, as follows:

if esg—r—2 let dp=r+4, 6,=0;
if e>g—r—2 let do=g+2—e, O,=r+4-9,

(note that 2g+2+e—0,= —1since g2 1%1) This proves (2.6) and hence (2.5).
We turn now to the proof of
27 H'(Ng(—D)=0.
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With notation as above, (2.7) follows from
2.8 H'(Ng,,(—4~Dy))=H'(Ng(—Dy))=0.
In fact, the exact sequence
O*Nslcl(— 4 —D1)"’Nspp(“ D')""NSIco(_ Dy)-0

shows that H'(N,,.(— D’))=0and hence (2.7) by semicontinuity. To show (2.8), let
dp=n—e+2 and 6, =n+3. From the exact sequence

O*Ncl/s(_ 4 —Dl)"Ncl/Pr("A “‘Dl)—’Nslcl(— 4—D)—-0
we see that the first vanishing in (2.8) follows from
(2 9) Hl(Ncl/P'( 4— Dl))"o

Since C,=IP' we know [Sa, Proposition 1] that N o = (—B Opi(b;) with
b;>degC, +2. Hence

Neypd —4—-Dy)= (;91 Opilb;—g—1-6,),

$0 (2.9) is true since b,-—g—l—61gdegC1+2~g—1—n—3=g+1+n+2-g-—1

—n—3=—1,Vi=1,..,r—1 Let Ng = 6—) Op:(a;); then to finish the proof of
(2.8) we need a;,—J,= —1, that is =1

(2.10) azn—e+1, Vi=1,..,r—2.
r—2

Observe that N§ (1,2 @D Ops(—a;+n—e), hence (2.10) is equivalent to
i=1

(2.10y H°(Ns"(1),00) =0,
From the exact sequence
0> N5 (e, = Nopr(1) > Neys(1) -0

we get HO(N§ (1)) =ker{p: HAN¢, p(1))—=H(N¢,s(1))}, so we have to show
that ¢ is injective.

HO(Ng,p(1))= H(F o,/ 2) (1)) X HYI (1)) and
HONys(1)= H¥(Fcyys/ F Eyis) (1) 2 HO (S ys(1))
= H%(Os(nf)) = H(Op:()
so if H is a hyperplane containing C,, then HNnS=C,UC, C~nf and
o(H)=divisor on P~ C, given by C on C,.

By the projective characterization of S, we can find [ACGH, p. 96] coordinates
on IP¥ so that the ideal of S is generated by the 2 x 2 minors of the matrix

(xo Xi oo Xne=1: Xn-e+1 "'x'_1> =(4, B)

X; XgeeeXpgoe t Xpy—esa-ee Xy
where A is the matrix whose minors generate the ideal of C,CIP*"¢ and B is the
matrix whose minors generate the ideal of a rational normal curve YCIP", and S is
obtained by choosing an isomorphism Cy=Y=IP! and joining with lines the



522 A. F. Lopez

points of C, and Y corresponding in the isomorphism. Therefore, if we parametrize
YCP with xo=...=x,_,=0, X,_,1y4;=5""'t, i=0,...,n, [s,t]eP! and we
observe that H%(S (1)) is generated by x,_.,,,...,X,, then ¢ is given by

(o(xn—e+1+i)=sn~iti

so it is injective (in fact, ¢ is an isomorphism).
This proves (2.10) and hence to conclude the proof of Lemma 2.3 we need to

find for every r=3 and g= Z—;-i, integers n and e so that (2.4) is satisfied.

(2.11) Claim. To satisfy (2.4) we can choose e=2n—r+1 and
r—2 if g=zr—4

n= %ﬁ if g+r=0(mod2) and g<r—4
g+;—~1 if g+r=1(mod2) and g<r—4.

Proof. The inequalities of (2.4) are equivalent to n=2r—1—g and n< gzi,

. . r—1 .
respectively. Moreover, e2>0 gives n> 5 and n>e is n<r—2. So any n
satisfying

max {L;—l, r—l—-g} <n<min {r-—-Z, g_;r.r}

will do. Since r=3 and g= 1:;—1—, the choice in Claim 2.11 satisfies this. Therefore

Claim 2.11 is proved and so is Lemma 2.3,

3 A family of curves CCIP" with H'(Ng) =0, k(T )=(r+1)* -1

We will construct here, using Proposition 2.1 and some smoothing techniques,
families of smooth curves in IP" with the properties indicated above. Let CCIP"be a
nondegenerate curve and define the following properties:

Property (x): H'(N¢)=0.
Property (B): h%(Tpr)=(r+1)*—1.
3.1) Property (y): Vg: 5—;1 < g <r, there exist r + 4 general points

P,,...,P,.,€lP" and a nonspecial linearly normal smooth
irreducible nondegenerate curve I' CIP” of genus g with

HI(NI('"PI—"'—Pr+4))=HO(TP'|r(—P1_"'—'Pr+4»=0

such that there is a deformation of C meeting I' quasitrans-
versally in Py, ..., P, .4

(3.2) Remark. Curves I'CIP" as in Property (y) exist by Proposition 2.1.
The construction of curves satisfying (x) and () will be inductive, starting with
some families of curves implicitly contained in [S].
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(3.3) Lemma. For every r=3 and n, g such that

—max {‘:jg— L-:“l, g—72—1} <¢=0(gnr)=0,
there exists a smooth irreducible nondegenerate curve CCIP" of degree n, genus g

satisfying properties (a), (B), and (y) (the latter for r=4).

Proof. By [S, Theorem 6.1], we see that curves C asin the Lemma, satisfying () and
(), exist in the range

(3.4) —-i—g+'—?:—1§ggo, n>2r

[(B) follows from Lemma 4.1 below].
To extend this range, for n=r?+r, we use

(3.5) Sublemma. Let CCIP" be a smooth irreducible nondegenerate curve of degree
n=r+2 (respectivelyn=r+1) and genus g satisfying (a), (8), and (y). Let HCIP" be a
general hyperplane and X CH a rational normal curve meeting C in r+2 points
(respectively r+1 points). Then

C'=CuX
is flatly smoothable and its general smoothings satisfy (a), (), and (y).

Proof. Let C" be a general deformation of C'. The facts that C” is smooth and
satisfies (o) are already in [S, Theorem 5.2]; C” also satisfies (y) because C’ does
(since C does). To see (f), let A=CnX CX and consider the exact sequence

0 Tpr (— A) > Tpr) o, Tpr . —0.
It will suffice to show that
(3.6) H(Tp, (— 4))=0.
In fact this implies that
ho(Tpr ) SH(Tpr )=(r +1)*~1 (by (B) for C),

50, since h%(Tpr.) < h°(Tp ) by semicontinuity, we get (f) for C” by Lemma 4.1.
For (3.6) we observe that

Tpr) = Tpr- 1), D Ox(1)
hence
me(—A)’E@p(rwr——Z)’—lG)@px(r— 1 ——r-—2)=(0l>1(—2)" 1@(0]»(—3)

[respectively, Tpr,(—A4)=Op(—1) '@ Op:(—2)] has no global sections. This
proves Sublemma 3.5.

To get the range of Lemma 3.3, we apply repeatedly Sublemma 3.5 in the case
of r + 2 points to curves in range (3.4). This gives a transformation (n, g)—>(n+r—1,
g+r+1), hence it is enough to produce, for every couple of integers (n, g) such that

1 i
nzr’+r and —g+r2+1§9<~;g+———rt ,

an integer i=0 such that

n—(r—1iz2r
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and
1 - r+1 . .
— = [g—(r+ )i} + = Seg—r+ i,n—( 1), 0.

rg—n(r+1D+r@r+1)
r+1

For example i= [ :| (where [ ] denotes integer part) satisfies

the above inequalities.

It remains to see that curves in range (3.4) satisfy (y). To this end we recall
Sernesi’s construction [S, Theorem 6.1]: Curves C with (n, g) in range (3.4) are
obtained by applying g—n+r times Sublemma 3.5, in the case of r+ 1 points, to
linearly normal nonspecial curves. That is, for every (n,g) in range (3.4), let
i=g—n+r, "=n—(r—1)i, g =g—ri and let C,CIP" be a smooth irreducible
nondegenerate linearly normal nonspecial curve of degree n’ and genus g’ (note
that n'=g'+r, g'21).

For every j2 1 let C; be a general smoothing of C;_ ; X (where X is chosen as
in Sublemma 3.5, in the case of r+1 points). Then C=C.,.

Therefore it is enough to see that C, satisfies (y)

1 n—r_ 2r—r
(becausei=g—-n+rgf—':—(n—-r)—n+r=_;_; - =1).

(3.7) Claim. Letr=z4 and P,,..., P, 5 be r+3 general points of YCIP" a smooth
irreducible nondegenerate curve passing through them. Then there exists a smooth
irreducible nondegenerate linearly normal nonspecial curve C, CIP" of genus g, 2 1
meeting Y quasi-transversally in P;,...,P,, ;.

Let us assume Claim 3.7 and prove that C, satisfies (y). Choose r+4 general
points P,, ..., P, ,€IP"; choose any I through them as in Property (y). Claim 3.7
(with Y=T) gives a curve C, meeting I' quasi-transversally in P, ..., P, ;. Let H
be a general plane through P, , , and X C H a rational normal curve meeting C, in
r+1 points and passing through P, ,. Then C, = a general smoothing of CouX
satisfies (y).

Finally it is clear that Claim 3.7 will follow as soon as we prove it for g, =1 (for
g0=2 one can attach g,—1 general 2-secants to the curve of genus 1 and take a
smoothing).

To this end, let M=(P,,...,P,_>=P"~? and N=(P, P,.,>=IP'. The
trisecant lemma [ACGH, p. 110] implies that MNN =0. Also dim{M, P, ,>
=dim{M, P, ;> =r—1, hence there are two lines L, and L, through P, ,, P, . ;,
respectively, meeting M and N. Let Z be a rational normal curve in M passing
through Py,...,P,_,,Q;,=L,nM,Q,=L,nMandlet E=ZUL,uL,UN.Now E
is elliptic of degree r + 1 and meets Y quasi-transversally in P,,...,P,, ;. Infact Z
and N are quasi-transversal to Y and meet Y exactly in P,,...,P,.,and P, ,,, P,,
respectively (because a consequence of the trisecant lemma is that k+ 1 general
points of Y span a P* meeting Y exactly at those points, for k < r—2). Moreover, L,
(or L,) is not tangent to Y, otherwise the tangent line in the generic point of Y
would meet the generic 2-secant N (which would imply that Y is strange, and
therefore a line [H, IV, Theorem 3.9]). Also L, (or L,) does not meet Y in any other
point, otherwise the P> spanned by P,, P, , ;,and P, , , would meet Y in some other
point. But this is not possible because P,, P, ,, P, , are general points of Y and
r=4. Now take C, a general smoothing of E. This shows Claim 3.7 and therefore
concludes the proof of Lemma 3.3,
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Define the following functions:

2713 +44r* —4r 4 8er + 26 — 8+ 9
(3.8) o= )
3r+1)(@r—e)
3r* —19r3 + 6er® — 72r2 4 17er? + 1+ 26%r —10er —2e2 + 116 —9

3(r+1)(r—9+2e)

N(r)=

Then we have

(3.9) Proposition. There exists a smooth irreducible curve C CIP" with
(@) H'(N)=0
1)) h°(T,,,|C)= r+13—1

and degree n, genus g, for every r, n, g such that r=12 or r=10 and

r+1 r(n—r)—1 r+1  2r24r+1 4r4+9—¢
310) — (n—r)<gs< — — ;
(3.10) " (n r)__g_max{ e o1 ar—: " o) ¢;
r<9orr=11 and
r+1 rin—r—1 r+1  2r+r+1
(3.11) " (n r)=g=max{ — ’r—ln — .

Proof. By Lemma 3.3, we need to show the existence only in the case r=12 or
r=10, n= N(r) and

r+1 n_2r2+r+1 4r4+9—¢

<
(3.12) r—1 r—1 6=

IIA

dr—e n=o().

[Note that N(r) is defined so that range (3.12) is not empty.] First we prove
(3.13) Lemma. Let CCIP" be a curve satisfying (&), (8), and (y) and I CIP" be a general

r—e -
nonspecial linearly normal curve of genus =N meeting a general deformation C of C

quasi-transversally at r +4 general points, Then C'=CuT is flatly smoothable and
its general smoothings satisfy (), (B), and ().

Proof. Note first that the construction is possible since C satisfies (y). Moreover, to
show that C'=Cur is flatly smoothable, it is enough to prove that [S,
Proposition 1.6]

(3.14) H'(Nz)=0 where Ng.=ker(Nq—T¢)

(T2 being the first cotangent sheaf of C'). Let {P,,...,P,.4}=CATI and D=P,
+...4+P,,, onI'. From the exact sequences [S, Lemma 5.1]

0N ®O{—D)>Np.—»Ng—0
0-+N{—D)-»No®OA~D)-»T:—0
we get (3.14) since
HY(N(—D))=0 by Proposition 2.1(i),
HY(T})=0 because T is supported on CnI and
HY(Ng#) =0 since C satisfies (x).
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The definition of N, and (3.14) also imply H'(N ) =0, hence («) holds for a general
smoothing of C’ by semicontinuity.
To see (f), consider the exact sequence

0 Ter) (= D)= Tpry o, = T o0
By Proposition 2.1(ii), we get
h(Tpr ) Sh(Tprd=(r +1°~1  (by () for C),

hence (8) holds for any general smoothing of C’ (again by using semicontinuity and
Lemma 4.1 below). Moreover, C' satisfies (y) (just take another I' through r+4
general points of C), hence so does a general smoothing. This proves Lemma 3.13.
To finish the proof of Proposition 3.9, we will see that the construction of
Lemma 3.13 gives curves with r, n, g in range (3.12).
4r—e , 4r+9-—¢
7 PAC) =50+ T,
hence, given (n, g) in range (3.12) a curve of degree n, genus g, satisfying («) and ()

vy . . . , f4r—e¢
will exist as soon as we can find an integer i > O such thatif weletn'=n—i 3 )

g/=g___l (ﬂ__‘-_;_tf_>’ then

(3.15) —g'+r*+1=0(g,n,n=0.

In fact curves with degree n', genus g', satisfying («) and (f) (ahd (y)) exist by
Lemma 3.3, therefore also curves of degree n, genus g, satisfying («) and () will exist
by applying Lemma 3.13 i times. Since the inequalities (3.15) are equivalent to
3r—1)g—3(r+1)n+6r>+3r+3 3rg—3(r+1)n+3r*+3r
r—9+42¢ Sr+¢

From Lemma 3.13 we get degC'=degC+

1

A
IIA

2

3rg—3(r+1)n+3r2+3r
Sr+e

it is clear that i= [ ] will satisfy them. []

4 Proof of Theorem 1.2

To prove the theorem, we need to recall some general facts about Brill-Noether
maps. Let C CIP" be a smooth irreducible nondegenerate curve and V< HY(0(1))
be the vector space of sections of @(1) giving the embedding. Then the cup-
product map

Ho: VO H (0 — 1) Hw()

is called the Brill-Noether map of C.
We wish to recall here the following properties of u,.
(4.1) Lemma. With notation as above, we have
(i) kerpo= HY(Tpm )*;
(i) h%(Tpr)Z(r+1)*—1 and equality holds if and only if C is linearly normal
and p, is surjective.
Proof. From the Euler sequence

020~ V*@0 (1) Tpr . —0,
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we get the exact sequence
0—>HOc)->V*@HAO1))~ HY T ) H(O)

2 V*@HYOL1))— H' (Tpr )-0.
Clearly ¢ is the dual of pug, hence (i). Moreover,
h(Tpr )= —1+(r + 1)h%(O (1)) +dim coker o = (r+ 1) — 1
and equality holds if and only if R%(O(1))=r + 1 and coker u, = {0}, that s, (i). [
Proof of Theorem 1.2. Let C be a curve as in Proposition 3.9. From general
deformation theory we know that (x) implies that C belongs to a unique
component WCH, . and that if n: W—.#, is the rational functorial map, then
codim , n(W)=dim coker { H(N, C)—i» HY(wc M)},
where the map @ is the coboundary map associated to the exact sequence
0—w¢ ' - T .~ Nc—0.

By («) we have coker @ = H'(Tpr ) = (ker uo)* (Lemma 4.1(i)). Hence () and (ii) of
Lemma 4.1 show that

codim 4 m(W)=dim kerpo=(r+1)(g—n+r)—g=—e(g,n,r). O

(4.2) Remark. The inequalities obtained in Theorem 1.2 depend on the method of
proof and do not appear to have any special geometric meaning. One possible
interpretation though, as can be easily seen from the proofs, is as follows. The

. . 1 i . .
inequality o= — -8 + r_—;—_ (respectively ¢ = —g+r*+1) expresses the numerical

condition that H, ,, has to satisfy in order to contain a reducible curve of type
X=Xyu...uX; (respectively Y=Y,u...0Y), where X, is a linearly normal
nonspecial curve and X ;, ..., X, are disjoint rational normal curves of degree r — 1,
each meeting X, in r+1 points (respectively Y, is a general smoothing of X and
Y,, ..., Y;are disjoint rational normal curves of degree r — 1, each meeting Y, inr +2
Sr+e¢
4r+9—c¢
condition that H, , . has to satisfy in order to contain a reducible curve Z=Z,u...
VvZ,, where Z, is a general smoothing of Y and Z,, ..., Z, are disjoint linearly

points). Similarly the inequality o= — g+ f(r) expresses the numerical

normal nonspecial curves of genus each meeting Z, in r +4 points. As the

3
referee pointed out, the first inequality can also be written as (g, n,r—1)=r+1.

(4.3) Example. Forbzaz=4let W, , be the component of H, +4) - 1)- 1),3 Whose
general point represents a curve Cof type (a, b) on a smooth quadnc surface in IP3.
Since C s linearly normal, it follows [by S, Proposition 2.7] that p, is surjective, so,
from the proof of Theorem 1.2, using the fact that W, , is smooth at C, we have

codim , 7(W, ;) =dim coker @ = h'(Tps ) —h*(N¢)=dim ker o — h'(N)
=—g—(a-3)(b-3)< ~9.

chce W, » does not have the expected number of moduli. For every n, g such that
>dn(n— 3) +1 every component of H, , ; must be a W, , for some a and b, hence
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there is no component of H, , ; with the expected number of moduli for ¢ < —3g
+2]/24g—15—6 (and g=43).

Acknowledgements. 1 want to thank J. Harris, Z. Ran, M.C. Chang, and F. Cukierman for some
helpful conversations. I am also grateful to R. Lazarsfeld, M. Green, D. Gieseker and the
Mathematics Department of UCLA for their hospitality during the preparation of part of this

work.

References

[ACGH] Arbarello, E., Cornalba, M., Griffiths, P., Harris, J.: Geometry of algebraic curves,

[BE]
[EH]

{H]
(P}

[Sa]
(8]

vol. 1. Berlin Heidelberg New York: Springer 1985

Ballico, E., Ellia, P.: Bonnes petites composantes des schémas de Hilbert de courbes
lisses de P". C. R. Acad. Sci., Paris 306, 187-190 (1988)

Eisenbud, D., Harris, J.: Limit linear series: basic theory. Invent. Math. 85, 337-371
(1986)

Hartshorne, R.: Algebraic geometry. Berlin Heidelberg New York: Springer 1977
Pareschi, G.: Components of the Hilbert scheme of smooth space curves with the
expected number of moduli. Manuscr. Math. 63, 1-16 (1989)

Sacchiero, G.: Fibrati normali di curve razionali dello spazio proiettivo. Ann. Univ.
Ferrara, Nuova Ser., Sez. VII 27, 3340 (1980)

Sernesi, E.: On the existence of certain families of curves. Invent. Math, 75, 25-57 (1984)



